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Abstract 

We define Bush-type generalized Hadamard matrices over abelian groups and construct 
symmetric Bush-type generalized Hadamard matrices over the additive group of finite field 
Fq, <7 a prime power. We then show and study an association scheme obtained from such 
generalized Hadamard matrices. 


1 Introduction 

A Hadamard matrix H of order n is a square matrix of order n with entries from {1,-1} 
such that HH^ = nin, where is the transpose of H and In is the identity matrix of 
order n. A Hadamard matrix H = of order 4n^, where each Hij is a square 

matrix of order 2n, is said to be of Bush-type if Ha = J 2 „ for any i G {1,..., 2n}, and 
HijJ 2 n = J 2 nHij = 0 for any distinct i,j G 2n}, where J 2 n is the square matrix 

of order 2n with all one’s entries. Bush-type Hadamard matrices have been studied in 
[D SIS 019]. In particular, it was shown in [3] that the existence of symmetric Bush-type 
Hadamard matrices is equivalent to that of certain symmetric association schemes of class 
3. Furthermore, the association scheme of class 3 is related to strongly regular graphs 
with certain parameters with the property that the vertex set is decomposed into maximal 
cliques attaining Delsarete-Hoffmann’s bound [3] (see also 0 Lemma 1.1]). 

If {1,-1} is regarded as a multiplicative group, then one may consider a generalized 
Hadamard matrix as a matrix with entries in a finite abelian group with a multiplicative 
property, see Section 0T| 

In this paper, we define Bush-type generalized Hadamard matrices over an abelian 
group and demonstrate a construction method by using some special generalized Hadamard 
matrices over the additive group of finite field F^, g a prime power and Latin squares ob¬ 
tained from the same field. In particular, we focus on the symmetric Bush-type generalized 
Hadamard matrices of order over the additive group of F^, g is a prime power. 

We will see that some symmetric association schemes having interesting properties are 
obtained from these matrices with a linear map from F^ into a subfield preserving addition 
and describe the eigenmatrices by the Kloosterman sums. The association scheme can be 
regarded as an extension of the association schemes of class 3 obtained from symmetric 
Bush-type Hadamard matrices, and it is shown to be a fission scheme of the scheme for 
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the case n = 2 in [5J Theorem 1]. In particular, our scheme is a fission scheme of the 
Hamming association scheme H{2,q). 

For the case where g = 2™ or q = 3™ and a linear map being the absolute trace, the 
eigenmatrices of the association schemes are given explicitly by calculating the Klooster- 
man sums. Furthermore, the association scheme for the case q = 3"* is used to provide 
an affirmative answer to a recent question raised by Leopardi. 


2 Preliminaries 

2.1 Generalized Hadamard matrices 

Let G be an additively written finite abelian group of order g. A square matrix H = 
order g\ with entries from G is called a generalized Hadamard matrix with 
the parameters (g,A) (or GH{g,X)) over G if for all distinct i,k € {1,2,... ,gX}, the 
multiset {hij — hkj : 1 < J < ffA} contains exactly A times of each element of G. The 
matrix H is normalized if H has the first row consisting of 0, where 0 denotes the identity 
element of G. Any generalized Hadamard matrix is transformed to be normalized by 
adding suitable elements to the columns. 

Let H he a generalized Hadamard matrix over G with the parameters (g. A). Assume 
that gX is a square, say with k a positive integer. The matrix H is of Bush-type if H is 
represented as a block matrix H = where each Hij is a square matrix of order 

k, such that Ha is the zero matrix for any i € {l,...,fe}, and each row or column of Hij 
has all entries of G appearing the same number of times for any distinct i,j G {1,..., k{. 
Let G' be a finite abelian group of order g', and Lp a surjective homomorphism from G 
to G'. It is easy to see that the matrix Lp{H) := {p{hij))ij^i is a generalized Hadamard 
matrix GH{g',gX^/g'). 

2.2 Association schemes 

Let n be a positive integer. Let A be a finite set and i?i (i G {0,1,..., n}) be a nonempty 
subset of A X A. The adjacency matrix Ai of the graph with vertex set A and edge set 
Ri is a (0, l)-matrix indexed by A such that {Ai)xy = 1 if {x,y) G Ri and {Ai)xy = 0 
otherwise. A symmetric association scheme of n-class is a pair (A, {AiKbp) satisfying 
the following: 

(i) Aq = I\x\- 

(ii) Y.7=o^i = 

(iii) Ai is symmetric for i G {I,..., n}. 

(iv) For all i, j, AiAj is a linear combination of Aq, Ai, ..., An- 

The vector space spanned by A^’s forms a commutative algebra, denoted by A and 
called the Bose-Mesner algebra or adjacency algebra. There exists a basis of A consist¬ 
ing of primitive idempotents, say Eq = {l/\X\)J\x\, Ex ,..., Since {Aq, Ai,..., A„} 
and {Eq,Ei, ..., En} are two bases in A, there exist the change-of-bases matrices P = 
(Pb)”i=o: Q = i9ij)lj=o so that 


n ^ n 

~ Pij Ej, Ej = —— qij Aj. 

i=0 ' ' i=0 

The matrices P or Q are said to be first or second eigenmatrices. An association scheme is 
said to be self-dual ii P = Q for suitable rearranging the indices of the adjacency matrices 
and the primitive idempotents. 
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The association scheme is a translation association scheme if the vertex set X has the 
structure of an additively written abelian group, and for all i G {0, 1 , ..., n}, 

{x, y) & R,i ^ {x + z,y + z) € Ri. 

For translation association schemes, the first eigenmatrix is calculated by the characters 
as follows. For i G {0,1,..., n} set = {a; G X : (0,a;) G Ri}. For each character y of 
X we have 


= X{x))x- 

xGNi 

Letting X* be the dual group of X, set N* = {77 G X* : Ej-ij = rj}. Then the first 
eigenmatrix of the translation association scheme is expressed as 

X{x) for X&N*. 

x^Ni 

Let (X, {i?i}”^g), (X, {i?-}"^g) be symmetric association schemes. If there exists a 
partition Aq := {0}, Ai,..., A„/ of {0,1,..., n} such that R[ = for any i G 

{0,1,..., n'}, then {X, {i?i}?=o) is said to be fission of {X, and {X, {R'ijf^o) is 

said to be fusion of {X, {Ri}^^^). 

3 Construction of Bush-type generalized Hadamard 
matrices 

In this section, we show a method of construction for the Bush-type generalized Hadamard 
matrices. The method can be viewed as a generalization of the method used in in which 
a Hadamard matrix of order 2n and a Latin square of order 2n were used to construct a 
Bush-type Hadamard matrix of order 4n^. 

Let H = be a normalized generalized Hadamard matrix GH{g,X) over a 

finite abelian group G of order g and L = {l{i, j))i^=i be a Latin square of order gX 
with entries from (1,... ,gX}. We may assume that L has the diagonal entries 1 after 
permuting rows and columns appropriately. Dehne a matrix Ck (fc = 1,... ,gX) as 

Ck = {—hki + 

Define M{H,L) as a square block matrix of order g'^X^ with (7,j)-block equal to 
The ((z, z'), (j, j'))-entry of M{H,L) means the (z',/)-entry of (z,j)-block of M. The 
(z, z')-th row of M means the i'-th. row in the z-th block of M. 

Theorem 3.1. Let G be an additively written finite abelian group of order g. Let H be 
a normalized generalized Hadamard matrix GH{g,X) over G, and L be a Latin square of 
order gX with entries from {!,...,gA} and with diagonal entries equal to I. Let M = 
M{H,L) defined above. Then the following hold. 

(i) The matrix M is a Bush-type generalized Hadamard matrix GH{g,gX^). 

(a) The matrix M is symmetric if and only if —hg^i j-^k + + hi{j,i)k for 

i,j,k,l G {l,...,gA}. 

(Hi) Let G' be a finite abelian group of order g', and tp be a surjective homomorphism 
from G to G'. Then the generalized Hadamard matrix ip{M) is of Bush-type. 
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Proof, (i): Let i,i\j,j',k,k' be elements of We calculate the difference of 

the (i,i')-row and the (j, j')-row of M for {i,i') ^ (j, jO- 

In the case where i = j, we put I = l{i, k). The difference of the (!', fc')-entry and the 
(j', A:')-entry of Ci is —hij + hiji. This value does not depend on the choice of k\ and 
runs over G when k runs over {1,..., gX} since H is a GH(g, A) and L is a Latin square. 

In the case where i ^ j, we put li = l{i, k),l 2 = l{j, k). The difference of the (i', k')- 
entry of Gi^ and the (j', fc')-entry of Ci^ is 7 + where 7 = 

This value runs over G when k' runs over gX} since H is a GH(g, A) and L is a 

Latin square. Thus, M is a generalized Hadamard matrix over G. 

All diagonal blocks of M are Ci whose entries are all the identity element in G. Each 
off-diagonal block is Ci for some i G {2,..., (/A}. Each row and column of the matrix Ci 
has entries of G, each appearing exactly one time. Thus, a generalized Hadamard matrix 
M is of Bush-type. 

(ii) : The (i,j)-block of M is Cgij). Thus, M is symmetric if and only if Cg^ij) = 

Cf^^ for i,j G {1,... jffA}. This is equivalent to the condition that —hi(i j)^. + hi(^i jy = 
-hi(j,i)i + for i,j,kj G 5 A}. 

(iii) : The property of Bush-type for if{M) follows from (i). □ 

Example 3.2. Let 9 be a prime power. Let Fg be a finite field with g elements oi = 
0 , 02 , • ■ • ,aq- 

Let H be the multiplication table of F^, i.e., the (i, j)-entry of H is ai ■ aj. Then H 
is a generalized Hadamard matrix GH(q, I) over the additive group of F^. 

Let L be the subtraction table of Fg, i.e., the (z,_ 7 )-entry of L is —ai -I- aj. Then L is 
a Latin square over Fg with diagonal entries equal to 0. 

The matrix M = M(H, L) obtained from H and L is a Bush-type generalized Hadamard 
matrix GH{q, q) over the additive group of Fg by Theorem lll.lI iL Furthermore, M is sym¬ 
metric by Theorem ii). 

Let Fp be a subfield of Fg, and let be a linear map from Fg to Fp. By [7l Theo¬ 
rem 2.2.4], there exists an element /3 S Fg such that ip{a) = tr(/3a), where tr is the trace 
function from Fg to Fp. By [TJ Theorems 2.2.3(iii), 2.2.4] ip is surjective. Then <f{M) is a 
Bush-type generalized Hadamard matrix GH{p,q^/p) by Theorem 13. ll iiiL 

4 Association schemes related to symmetric Bush-type 
Generalized Hadamard matrices over ¥q 

We will show that an association scheme is obtained from the Generalized Hadamard 
matrix GH{p,q^/p) in Example 13.21 and continue to use all the notations in Example 13.21 

We define permutation matrices Po^ {i G {I,..., g}) by splitting 
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L — ^ ^ OtiPa ^. 


Note that Pq = Iq. Since Gi = 0 holds, we observe that 


M = ^ 0 G* = ^ ® G, 
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The matrix (p{M) is written as follows: 


q 


‘p{aj)CY P^i ® 


( 1 ) 


j=l i=2 


Let Fp = {/3i = 0, /32, ■ • ■, /3p}- From ([T|), we define (0, l)-matrices for 1 < i < p by 


A= Y 


yev“H/3i) “E®', 


where F* = F, \ {0}. Set Aq = 1^2 and Ap+i = /, ® {Jq — Iq). Define X and Ri as follows: 

X =¥qX Fq, 

Ro = {(a:,a:) | x e X}, 

Pt = {((a:i,a:2), ( 2 / 1 , y2)) G X x X | a:i ^ yi,(p{{-xi +yi){-X2 + ^2)) = Pi} 

Pp+i = {((a:i,a;2), {yi,y2)) & X x X \ Xi = yi, X2 2/2}, 

where i = Then Ai is the adjacency matrix of the graph {X,Ri) for each 

f = 0,l,...,p+l. 

The following easy to see lemma will be used later. 

Lemma 4.1. Let V he a vector space overWq of dimension n. Let Vi he a subspace ofV 

of dimension n — 1 for f = 1, 2 such that dim(Fi H V 2 ) = n — 2. Then for any element 

a G ¥q, the multiset {x-\-y + a\ x& Vi,y G V 2 } contains every element ofV exactly ( 7 ”“^ 
times. 

Define the Kloosterman sum K{a, h) as 


K{a,b)= Y 


x&GF{qY 


where q = p”, p is a prime number and w is a primitive p-th root of unity. It is easy to 
see K(a, b) depends only on ab. Thus we may denote K{a, b) by Kiab). 

We now prove the following which demonstrate that the generalized Hadamard ma¬ 
trices in Example 13.21 lead to symmetric association schemes. 

Theorem 4.2. The the following hold. 

(i) The pair (X, defined above is a symmetric association scheme. 

(ii) The scheme is self-dual. 

(Hi) The first eigenmatrix P is given by 



where Ip denotes the all-ones column vector of lengthp, K = (X: 7 e(p-i(/ 3 i) 
and G for j = l,...,p. 

Proof of Theorem \4.‘A i). It is easy to see that each Ai is a non-zero symmetric (0,1)- 
matrix and all the sum of them equals to the all-ones matrix. Now we are going to prove 
that the vector space A := spanR(To,..., ^p+i) is closed under the multiplication. 

It is obvious that ^p+i G A. Since each non-diagonal block of for f G {1,... ,p} is 
a sum of ^ permutation matrices, we see that AiAp+i = Ap+iAi G A for i G {1,... ,p}. 
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By Px • Py = Px+y, we obtain the following equalities: 


AiAj 


Pxi+X2 <8 ( y]] ^x~^y+x~^w) 

xi,X 2G¥* y^ip-^(Pi) 

y] Po 8 ( y] Px,-\y-^))+ Y. I] Px-^y+{—i)-^^'^ 

y^V~^(Pi) a;GF*,a:ieF*\{a:} yGip-^iPt) 

wGip-^iPj) w^<p-\jij) 


E ^0 8 ( y] Pt{y-w)) + Yp-® Y ( I] Px^ ^y+(x-xi)-^w)- 

teF* y^V~^{Pi) a;ieF*\{a:} y^ip-^(Pi) 

we(p~^{^j) ■w^v~\Pj) 


( 2 ) 


For the first term in ([^l we have the following: 


EtGF- Po 8 (fPo + Ey,«,e^-h/3,) Pt) Ai=j 

YjPo®i Yj ^t(y-u')) = y Pn®{Y 1 P) 

^ I Z^teF* ^0 8 /tj 

■w^y>~\Pj) 


teF 


V^V {Pi) 


iii^j 


' -1)4 8 (4 - 4) if* = J 

,(§)%8(J,-/,) if*^j 

■^Zlo + f(^-lM,+i if*=j 




if i j. 


For the second term in ([2]) we define 




i,j,y,w,x 


y W 

- 1 - 

Z X — z 


z G F*, z ^ X 


for X G F*, 2 / G (f{f3i),z G Then Xij^y^yj^x does not depend on the choice of x. 


Indeed for a G F* 

y ^ 

^i,j,y,w,ax — ■{Q'X( h ) | Z G ^ ^ dx} 

z ax — Z ^ 

= {aa;(4 H- - — 7 ) I z' G F*, z' 7 ^ a;} 

z’ ax — az' ^ 

— ^i,j,y,w,X' 

Thus we may denote = Xi^j^y^^^x- Next we determine a multiset 

Yj ■= {- + -Xz I y ^ G 

z 1 — z 

where z G F* \ {!}. When 2 ; G Fp \ {!}, we have the following as multisets 

r,, = + A). 

p Z 1 - Z 

When z G F* \ Fp, letting yo G p{Pi),wo G <p(/3j), we set c = -if - ff^. Then, by 
Lemma l4.11 we have 

4.7 = (- + + C I y,w G 75"40)) = Y^q- 

z 1 — z 
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We now calculate the second term: 


y y a;® y ] ( y ] x^^y+{x-xi)-''-w) 

kEF* 2:ieF*\{a:} y6vj-i(/3i) 

w^>p-\Pj) 

= Px® ^ ^ Px-^z 

ydtp-^iPi) 

= ^ Px 0 J2 Px-^z 

x&* zGYij 

= E'’-® E < E W'« + E:l^--) 


a:GF* 




zGF, 




= - E 

P 


where h runs over the set such that tf{ah) = a;i € F* \ {1} as a multiset. 

Therefore ([H is in A. Thus the pair {X, {Pilf^Tg^) is a symmetric association scheme. □ 

Proof of Theorem \4..^ ii). The association scheme {X, {Pi}f=o) i® clearly translation. The 
dual of this is {X*, {5'i}^^Q^) such that X* is the character group of X and 

50 = {(x,x) I X e X*}, 

2 

51 = {((xi,X2), {m,V2)) GX* xX* \ ^p(Y\{xi{xi) - Vzixi))) = Pi for all {xi,X2) G X} 

i=l 

Sp+1 = {{{xi,v), (X2, v)) GX* xX* \xi^ X2}, 


where i = 1,... ,p and we X* is regarded as the direct product of the dual group of 
Fq. The correspondence of a: = {xi,X 2 ) to x with x(y) = where w is a 

primitive g-th root of unity, gives an isomorphism from the scheme to its dual. Therefore 
(W{P*}£o) is self-dual. □ 

Proof of Theorem \4-. S^ m) . Finally we determine the first eigenmatrix. For W (* = 0,1,... ,p+ 
1) and X G N* {j = 1,... ,p-|- 1), we calculate X^xgiVi xi^) as follows. For i = 0, it is easy 
to see that the first row of P has the desired values. 

For 1 < i,j < p, there exist a,b G ¥q with ab = Xj G p~^{Pi) such that xi^) = 
^tr{ax,+bx 2 ) foj. ^ (xi,X 2 ) G X. Then 

E = E + ^^2) = E E 

x€Ni {xi,X2)GNi 'yGip~^{l3i) 

= E 


For i = p -|- 1,1 < j < p, 

E = E ^(“^1+^*2) = J2 ^(7) = E = “1- 

xGATp+i {xi,X2)eNg+i teF* xGF* 
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For I <i < p,j = p+1, there exists a G F* such that x(a;) = for a; = (xi,X 2 ) G 

X. Then 

I] x{x) = Y. Y. H Z! = -Z- 

xGNi {x-i,X2)eNi 'y&V~^{0i) 

For i, j = p + 1, 

Z X{x)= Y Xiaxi) = Y xiO) =-q + ^- 

x^Npj^i {xi^X2)^Np-^i iGFg 

Therefore we obtain the desired eigenmatrix. □ 

Remark 4.3. When we take p as the identity mapping on F^, we obtained a symmetric 
association scheme of class g + 1 by Theorem 14.21 In [2] , de Caen and van Dam gave a 
n + q — 2 class hssion scheme of the Hamming scheme H(n, q). When n = 2, their scheme 
of class g is a fusion scheme of our scheme of g + 1 class by merging Ri and Rq+i. 

5 Applications 

In this section, we give an explicit formula for the eigenmatrix for the case g = 2, 3 and p 
being the absolute trace. 

5.1 The case where q = 2"^ 

Let p = 2, g = 2™ and w = — I in Theorem 14.21 We take p as the absolute trace from 
F 2 m to F 2 . In this case we obtain the fusion scheme of class 3 by Theorem 14.21 

The matrix p{H) is a generalized Hadamard matrix over F 2 . Here we regard F 2 as 
the additive group on {0,1}. If we replace the entries 0,1 with 1, —1 respectively, then we 
have a symmetric Bush-type Hadamard matrix (over {1,-1} as a multiplicative group). 
Then it is shown in and [3] that this yields an association scheme of class 3 with the 
following first eigenmatrix 

/l 2 ™“^( 2 '"-I) 2 ™“^( 2 ™-l) 

1 2 ™ - 2 '"“! 

^ 2 ^ 

2 rri —1 2^m — l 

See also [5] for related topics. 

5.2 The case where q = 3"^ 

Let p = 3, g = 3"* and uj denote a primitive third root of unity in Theorem 14.21 We take 
p as the absolute trace from Fam to F 3 . In this case we obtain the association scheme of 
class 4 by Theorem 14.21 We calculate its eigenmatrices explicitly. 

Define = {a G Fa™ | tr(a) = i} for i G F 3 . For a G Fa™ and i G F 3 , let Sa,i = 
'Yht^Ti 

Lemma 5.1. The following hold. 

(i) So^i = —3"*“^ holds for i = 0,1, 2. 

(a) If a y^O, then Yi=o = 0. 

(in) If a 0, then ~ . 

(iv) For a yf 0, let tr(—i) = i. Then Sa^i = 2 • 3"*“^ and Sa,j = —3"*“^ (j i) hold. 
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Vi - 


2^ - l\ 
-1 
-1 

2 ^- 1 ) 




Proof, (i): 


S'o i KiO) = 3™-^ ^ = 3^-\ ^ - lo°) = -3^-\ 

teTi a:eIF'3m X^V^m. 

(ii): For a & F^™, 


(iii): 


'^Sa,i = ^^K[at) = ^ K{at)= X! 

i=0 i=0 teTi teFsm teFsm a:eF*m 

xGFg^ t£F3m rcGFg^ tGF3m 

= 1 : 1 : = «■ 

a^eFjm teF3m 


tr{x+^) 




i =0 


jtr(x+^)+z t^trCx+^^+t) 

i=0 teTi xgF'm i=0 teTi xGF'm 

a;GF 3 „ teF 3 m 

tGFgm iGFgm 


(iv): Since the Kloosterman sum is a real number, it follows from (ii) and (iii). □ 

Since we can take a S with tr(—i) = i for any z = 0,1, 2, we obtain the following 
theorem. 

Theorem 5.2. The first eigenmatrix of the 4-class fusion scheme is given as follows: 



(1 

3™-i(3™ - 1 ) 



3™ - 1\ 


1 

2 • 3’"-! 

_3m-l 

1 

CO 

1 

-1 

p = 

1 

_3m-l 

2 • 3™-i 

1 

CO 

1 

-1 


1 

_3m-l 

1 

CO 

1 

2 • 3™-i 

-1 


VI 

_3m-l 

_3m-l 

_3m-l 

3"* - 1 / 


Remark 5.3. The scheme of class 4 has the following properties. 

(i) For any z = 1, 2, 3, Ai is a strongly regular graph with the parameters {y, k, A, gf) = 

( 9 m^ 3 m-i( 3 m _ ^ gm -1 ^ ^m -1 rpj^g disjoint union of 

cliques of the same size. Moreover, Ai -I-FI 4 is a strongly regular graph with a spread 
which is described as A 4 . 

(ii) The binary relations Rfis are given as follows: 


Rq = {{x,x) I a: € X}, 

Ri = {ix,y) I X = {xi,X 2 ),y= (yi, 2 / 2 ) £ A:,a:i 7 ^ yi,tr((-a:i -f yi){-X 2 + ^ 2 )) = *} 
Ri = {{x,y) I X = {xi,X 2 ),y= (^1,2/2) £ A:,a:i = yi,a;2 7^ z/2}, 

where z = 1,2,3. A bijection from A to A defined as (a:i,a: 2 ) go ( 2 x 1 , 0 : 2 ) swaps 
A 2 for A 3 . The graph with adjacency matrix A 2 + A 3 provides an example to the 
problem raised in 0 Question 2] that for which parameters (z;,fc, A,/i), does there 
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exist a regular graph G of order v and valency 2k such that its edge set can be 
decomposed into two sets of strongly regular graphs with the parameters (v, k, A, fi) 
and there exists an automorphism of G that swaps the two strongly regular graphs. 
Our answer is affirmative for {v, fc, A, /i) = (9™, —1), 9™“^, 3™“^(3™“^ —1)). 
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